Detection of gravitational waves(GW) opened new windows on fundamental physics and it would be natural to search how the role of higher dimensional effects can be traced to gravitational wave physics. In this article, we consider a five dimensional pure gravity theory compactified on a circle. The resulting four dimensional theory is a scalar-Maxwell theory which is minimally coupled with gravity. Varying the action and finding the equations of motion for scalar, electric and magnetic fields, we find the wave solutions for these fields on a gravitational wave background.
I. INTRODUCTION
One century after the presentation of the theory of General Relativity(GR) by Einstein, one of the most important predictions of this theory was confirmed through direct detection of gravitational waves(GW) by Laser Interferometer Gravitational-wave Observatory(LIGO) experiment [1] . The observed signal in this observatory shows that the GW comes from the quasi-circular inspiral, merger and ringdown of binary black holes. The signal-to-noise ratio was 24 for this GW150914 with statistical σ > 5. In fact LIGO with strain sensitivity of order 10 −21 showed source's proximity to Earth (420 +150 −180 M pc) and the mass of the binary (m 1 , m 2 ) = (36 +5 −4 , 29 +4 −4 )M [2] [3] [4] . Soon after the first LIGO test, it's results were confirmed by detection of GW151226 event [2] . Focusing on part of the sky from where the LIGO received gravitational waves, another fascinating observation was made by the Fermi Gamma-ray Space Telescope in which the existence of a weak gamma-ray burst above 50KeV just 0.4s after GW150914 was reported and its position overlapped with that of LIGO's observation [5] .
After that, LIGO/VIRGO consortium announced the merger of two neutron stars, GW170817, in the Galaxy NNGC4993 about 40M pc from the Milky way [6] 1 . Here again an electromagnetic counterpart(The gamma-ray burst GRB170817A) was detected by Fermi gamma-ray telescope [10] and other telescopes [11] with the observation that the speed of two waves(gravitational and electromagnetic waves(EW)) can differs
where c g is the speed of GW and c is the speed of light.
Detection of gravitational waves opens new windows on fundamental physics. It is believed that radiated waves from various sources give us rich information about astrophysical objects, early universe, CMB, ... and specifically quantum gravity ( [12] and references therein). See also [13] for a review. Several studies with different approaches have been done in order to investigate the presence of electromagnetic radiation associated with GW, see for example [14] [15] [16] . In this line, some efforts have been done to investigate the physical effects of gravity-electromagnetic interactions. In fact, Maxwell equations in the presence of non-zero off-diagonal components of gravitational wave metric may cause some new interesting electromagnetic phenomena. For example, gravito-magnetic effect on gyroscopes due to Earth's rotation has been measured [17] . For more studies in gravito-magnetic theories see for example [18] .
The question that naturally arises is that whether the higher dimensional effects can be seen on gravitational waves? Many attempts were made to answer this question by taking into account various theories in higher dimensions [19] . In most of these theories, in reduction to four dimension, even if we start with a pure geometric theory, in addition to four dimensional the metric field, we will have gauge field and this is a good news because, the higher dimension can be considered as the source of the electromagnetic counterpart of GW waves. We may also have additional massless or massive scalar, vector or tensor fields in this theory. The resultant theory would be an effective interacting theory between gravity, electromagnetism and some additional field which is present due to dimensional reduction. Therefore, studying theories about the interaction between gravity, U(1) gauge field and some other fields due to higher dimensions may give us signatures of higher dimensions.
Given the above facts and noting that the LIGO experiment works based on the interference of two light waves that pass two different optical paths due to gravitational effect (gravitational path-difference), we would like to study a four dimensional minimal interacting scalar-Maxwell theory on the background of a gravitational wave in order to demonstrate explicitly the effects of these scalar-gauge and gravity-gauge interactions on the phase differences of two light waves in LIGO-like experiment 2 . We will obtain corrections to the phase of light waves in terms of the the scalar and GW wave parameters and will discuss their possible effects on the light interferences.
At the end of this section it is forthmentioning that our starting point is five dimensional pure gravity. Compactifying one extra dimension would give us a four dimensional scalar-Maxwell theory which minimally coupled to gravity. However, it would also be interesting to consider the generation of gravitational waves in five dimensional world from merger of two neutron star or black holes and so on and that study its effects on interference of two electromagnetic waves by using laser interferometer.
This paper is organized as follows: After a quick review of compactification of a pure gravity theory from five dimension to four dimension in section II, we will derive the equations of motion in section IIA and try to solve them to get some simple solutions and also wave solutions in sections IIB and IIC respectively. In section III, we will apply the solutions for a LIGO-like experiment to study the direct effects of scalar and GW waves on EM waves and discuss possible experimental signals of higher dimensions. In section IV, we will end up the paper with concluding remarks.
II. FROM FIVE TO FOUR
In this section, first, we quickly review the reduction of a five dimensional pure gravity theory to four dimensions. Such reduction can be done by compactifying one extra dimension. Due to this compactification one gets a massless tensor, vector and scalar modes and the corresponding Lagrangian would be an interacting Lagrangian between these modes. Varying the action with respect to the various fields would give us corresponding equations of motion.
At the end of this section, we will solve the equations of motion for scalar and gauge fields on the background of a gravitational wave at linear level. We will do this procedure without considering the back-reaction of the presence of scalar and gauge fields on gravitational wave dynamics.
A. Scalar-Maxwell-Gravity Interaction from Extra Dimension
Here, we will consider the simplest version of a five dimensional pure gravity theory which, in fact, has been originally proposed by Kaluza [20] . Compactifying one extra dimension on a circle would give us an effective theory in four dimensions which includes scalar, vector and tensor fields. In particular, the story begins by writing the five dimensional metric as [22] 
where hat indicates the five dimensional variables, xμ = (x µ , y), µ = 0, 1, 2, 3. Then, considering independence of fields from the fifth coordinate y, one can see that by an infinitesimal coordinate transformation as x µ → x µ + ξμ(x µ ) the above fields would change as
which these transformations are the same transformation rules that one expects for scalar, vector and rank-2 tensor fields in four dimension. After that, writing the five dimensional action as
and compactifying the fifth dimension y on a circle with radius R 0 in which y ∼ y + 2πR 0 and redefining the scalar field ϕ and field strength
one obtains the following action in a familiar form
where the prime was omitted in the final expression of S and g = det(g µν ).
It is notable that the effect of fifth dimension is encoded on the dynamics of scalar field ϕ. In particular, we know that the radius of the fifth dimension R 0 is related to ϕ as
Our aim in this paper is to study this theory by deriving the equations of motion of various fields and try to solve them on the background of a gravitational wave and then demonstrate the effects of scalar and metric fields on the phase difference of two traveling lights in LIGO-like experiment. We will do our analysis at linear level of the field perturbations.
B. Equations of Motion
The equations of motion for dynamical fields ϕ, A µ and g µν derived from the action (2.3) read as
The first equation together with the Bianchi identity for F µν as
are actually the generalized Maxwell equations in four dimensional curved space-time which now is accompanied by ϕ. It would be interesting to note that the first equation (2.5) can be rewritten as
where
is the induced current due to presence of the interaction between the scalar field ϕ and the electromagnetic field. Therefore, in this theory, dynamical scalar field would imply induced charge and current density. Introducing the following definitions
then we can rewrite the equations (2.5) for µ = 0 and µ = i and get the generalized Gauss and Maxwell-Ampere laws as
where γ j , σ mnβ , ξ ji are defined as follows [21] γ j ≡ ∂ k (g 0k g j0 − g jk g 00 )
We also have Faraday and magnetic Gauss laws as
One can see that the presence of off-diagonal components of the metric in Ampere and Gauss laws would present new effects in electromagnetic phenomena. Indeed, it would be interesting to note that the factor (g 0µ g 0j − g jµ g 00 ) in the second line of (2.10) is zero for µ = 0 thus, the Gauss and Ampere equations (2.10) and (2.11) can be rewritten as
where in the presence of the field ϕ it was defined
Now, our aim is to study the above generalized scalar-Maxwell equations on a gravitational wave background. So, let us consider the background metric as a gravitational wave propagating in the z direction 17) which is the solution of the Einstein equations when expanded around the flat-space metric, g µν = η µν + h µν , up to linear order in h µν (|h µν | 1) [23]. In fact, in equation (2.6), we have ignored the effects of electromagnetic waves on gravitational ones. In other words, we are studying electromagnetic waves on a gravitational wave background in presence of higher dimensions as it shows itself by the scalar field ϕ.
Consequently, in the following, we will apply this GW metric (2.17) to equations (2.10), (2.11) , (2.6) , in order to find ϕ, E and B and since we are in linearized regime, we will keep terms to linear order in h µν and also ϕ. Moreover, since ϕ is the representative of the fifth dimension and due to symmetry considerations, we may naturally expect that it does not depend on spatial components of space-time but if we take a gravitational wave propagating in the z direction, the rotational symmetry of space-time is broken in the z direction and consequently, we take ϕ as a function of (t, z).
Considering f × = 0 for simplicity, and applying the metric (2.17) to the equations (2.10, 2.11) and taking in to account ϕ = ϕ(t, z) then, we get 3
Moreover, following [21] , since the metric does not depend on x and y coordinates then, the equations (2.10) and (2.11) in the presence of the external source field j µ = (ρ, J 0 ), can be rewritten in the familiar form
where we have defined
In all of the above expressions no summation convention is assumed for index i. In above, j i D is the usual "Displacement Current". Note that despite of the usual flat space Electromagnetism, the displacement current is non-zero for constant electric field on the time dependent background g µν . In addition to these two equations, we also have Faraday and magnetic Gauss equations (2.15) and the equation of motion for ϕ, (2.6) which reads as
In the next subsections, first, we will present some simple solutions of the above generalized Maxwell equations in the presence of scalar field. After that, we will continue our analysis to solve them on GW background (2.17) to find a wave solution.
C. Some Simple Solutions
In this section, we present some simple solutions of the generalized interacting scalar-Maxwell equations on the gravitational wave background (2.17).
Electic Field in the z-Direction
First, let us consider an electric field in the z-direction and take B = 0. Then, in accordance with [21] , we obtain
), (2.26) as a simple solution of equations (2.18) and also the first and the last equations of (2.15) . Here, due to the first and the last equation of (2.18), E 0 can be a general function of x and y, but, considering the full Maxwell equations imply that E 0 should be a constant. Thus, it remains to find ϕ, i.e. solution of (2.30), by considering (2.26 ). Since we took the metric to be g µν = g µν (z − t) then, one easily realizes that the equation (2.30) does not have an analytical solution in the form of ϕ = ϕ(z − t) or ϕ = ϕ(z + t). In fact, the last term of (2.30) would prevent such wave solution for ϕ. A possible solution to this problem is to take non-zero magnetic field B. Physically, the necessity of the presence of magnetic field comes from the fact that the dynamical scalar field ϕ and non-zero electric field in z direction imply an induced current
Therefore, one expect that the induced current leads to existence of non-zero magnetic field. Consequently, we will take E = (0, 0, E z ), B = (0, 0, B z ). Then, one can show that (2.18) can be solved as
27)
Moreover, from the first and last equations of (2.15) we have ∂ z B z 0 = ∂ t B z 0 = 0 and so B z 0 is a constant. Finally, the equation (2.30) can be solved for ϕ(z − t) as
Electric Field in the x, y Directions
In this case, we would like to take the components of the electromagnetic field to be independent of x, y i.e. E = E(z − t), B = B(z − t). Interestingly, with these assumptions, the dynamics of E z and B z would decouple from the other components of electromagnetic field. In particular, we obtain the following exact solution for full Maxwell and scalar equations of motion
,
where U and V are general functions of z − t. As it is clear, the x and y components of electric and magnetic field (and also the scalar field) have wave propagation but the z component of these fields behave differently. It is notable that this solution achieved by considering the independence of the fields on x and y coordinates. Moreover, this solution demonstrates an in-going wave. In the next section, however, we will try to find a more general electromagnetic wave solution in which the above points would be considered.
D. Electromagnetic Wave Solution
In this section, we would like to find the electromagnetic wave solutions in which is more general wave solution of previous section i.e. it contains non-zero k x and k y modes. The general form of electromagnetic wave equations in curved space-time is as follow
where J a;b is the covariant derivative of current density with respect to b. Here, according to new Maxwell equation (2.5), we have J µ = √ 3∂ ν ϕF µν , then writing these equations using GW background metric (2.17) with f × = 0, for electric and magnetic field components separately, we get the wave equations as
The wave equation for B x is the same as E y and the wave equation for B y is the same as −E x which leads to B x = −E y and B y = E x . As it is clear from equations (2.31), the equation for B z is completely decoupled from the other components and the equation of E z is only coupled with ϕ equation. However, other components have coupled equations with B z and E z . Consequently, having a solution for B z and E z is necessary in order to find solutions for other components.
After all, it is remained to put the solution of ϕ equation in above equations and solve them. As we saw above, ϕ can have a wave solution in the form of an arbitrary function of z − t provided that E 2 = −gB 2 . Therefore, we take ϕ(z − t) = d cos(z − t) and also f + = a cos(z − t) as it is the typical gravitational wave in so-called TT gauge. We note also that up to linear order we have g xx = 1 gxx −(1 + f + (z − t)) and g yy = 1 gyy −(1 − f + (z − t)). Putting these in above equations and using the ansatz
where k x and k y are some arbitrary real constants, the equations (2.31) for E i (z, t) and B i (z, t) would become
In order to solve these equations analytically, we note that the above equations typically can be written as following
where b 0 is constant and a, b and c are arbitrary functions 4 of their arguman. Then, it is easy to see that (2.37) can be solved using
, (2.38) provided that
39)
where we have defined u = z − t and F 0 is a constant. This equation is a simple first order differential equation for g(u) and can be integrated exactly.
After that, we note that since the equations of B z and E z are decoupled from the other field equations, we first obtain the solution for B z and E z straightforwardly and then, insert these solutions into E x and E y equations and solve them. Before going on, we point out that one may solve the equation (2.39) by imposing the usual dispersion relation
By the above considerations, the final solutions of (2.31) are as follows
. (2.43) As we expected, the phase of B z is changed by the gravitational wave but is not affected by higher dimension i.e. the field ϕ. Instead, ϕ has modified the amplitude of E z and gravitational wave has changed the phase again. However, other components are affected by both the gravitational wave and higher dimmension both in phase and amplitude. For later use, it would be useful to rewrite the above solutions as
where 
.
At the end of this section, it would be interesting to note that the above differential equations can have solutions with out-going wave. We presented some comments about such solutions in Appendix VI.
III. EXPERIMENTAL OBSERVATION
The first direct observation of gravitational waves, GW150914, was made on 14 September 2015 by LIGO and Virgo collaborations. This observation is based on an interferometer. Here we take a Michelson interferometer for simplicity, figure (III) in which a monochromatic laser light is sent to a beam-splitter. Due to gravitational waves the travel time of the beams in the two arms will be different, which leads to different phase and power measured by the photo-detector.
FIG. 1: A simple Michelson-type interferometer
In the previous section, we reached at the electromagnetic fields affected by gravitational waves and extra dimension. In this section, our aim is to see this extra dimensional effect in LIGO-like experiment. We expect to see this effect in the photo-detector which shows the total power of light that itself depends squarely on the combined electromagnetic fields, what we will calculate it now. We will consider expressions (2.41), (2.42), (2.43) as the electric field of the light, that propagates along the two arms.
First, we compute the travel time in x and y arms by considering the null path, ds 2 = 0, for our GW metric. But, before proceed, note that, in this section, we will return c to the equations and we will distinguish between GW frequency ω gw , laser beam frequency ω L and the ϕ oscillation frequency ω ϕ so that at the place z = 0 we have f + (t) = a cos (ω gw t) and ϕ(t) = d cos (ω ϕ t). Thus, solutions obtained in the previous section would be rewritten by using dimensional analysis. For example, one has θ 0 = k 2
x −k 2 y 2(ω L −kz)ωgw a sin(z − t). Moreover, hereafter, without loose of generality, we consider k x = k y = k z = 1 √ 3 k L and E 0i = √ cB i 0 for i = x, y and B z 0 = 0. We will also take L x ,L y , the lengths of x and y arms respectively, as close as possible (which is done in real interferometers), so that we can replace L x and L y by L = (L x + L y )/2 in first order terms of metric field(parameter a) but we keep them in zero order ones by writing 2L x = 2L + ∆L and 2L y = 2L − ∆L where ∆L = L x − L y .
Setting the origin of the coordinate system at the beam-splitter i.e. r = 0, up to leading order we get [23]
where t is the observation time at which we observe the recombined beam from x and y arms that have left the beam-splitter at t The electric field at the beam-splitter in observation time t is obtained by setting t = t (x) 0 + ∆t (x) for x arm and t = t (y) 0 + ∆t (y) for y arm in expressions (2.41-2.43) . Here ∆t (x) = t − t (x) 0 and ∆t (y) = t − t y 0 are given by (3.1) and (3.2) where these were calculated up to first order of metric parameter f + ∝ a. Therefore, in this step, we would rewrite the solutions (2.41-2.43) up to the first order of various fields parameters i.e. a and d. For this aim, using (3.1) and (3.2) , we have the following expansions sin(t (i) ) = sin(t
where (i) = x, y stand for x and y arms.
Following the above considerations, one obtains, at the beam-splitter in observation time t, up to leading order θ 0 = 0, (3.4)
where sin(t) and cos(t) are given by (3.3) . At the end of the day, we should sum the electromagnetic waves propagated in x and y arms and recombined in beam splitter at time t. Before that, we should note that reflections and transmission at the mirrors would give an overall factor −1/2 for x arm and +1/2 for y arm. The final result would become as
Note also that similar expression can be written for total magnetic field |B tot |. Consequently, the total power observed at the photo-detector is obtained as
and cos(ω ϕ t (x) ) + cos(ω ϕ t (y) ) (3.12)
In formula (3.10) , in calculation of coefficients of sin 2 (φ 0 + ∆φ + ∆θ) and sin 2 (φ 0 + ∆φ), we neglected terms of order of a 2 , d 2 and ad.
In order to discuss our result (3.10) some comments should be noted as follows:
• As it is seen in (3.10) , the gravitational waves adds a term to the phase due to ∆φ while the extra dimension shows itself in the phase due to a shift ∆θ and changing the amplitude of P by the term √ 3 4 d(cos(ω ϕ t (x) )+cos(ω ϕ t (y) )). • In formula (3.10), we have three known-controllable parameters ω L , L and ∆L. The parameter ω L is adjustable from the experimenter. For parameter L, in typical Michelson interferometer, one maximizes the phase ∆φ M ich = 2∆φ and that the optimal length of the arms is obtained by imposing ωgwL c = π 2 which implies that L 750km 100Hz fgw where f gw = ωgw 2π . Such hundreds of kms arms are reduced to a few kms using Fabry-Perot interferometer [23] . But, for ∆L = L x − L y , one would like to take L x and L y as close as possible but we note that the phase shift ∆θ is proportional to ∆L. Therefore, a difference between arms may show a signal of extra dimension!
• In formula (3.10), we have two known-uncontrollable parameters ω gw and a. Due to direct detection of gravitational waves by LIGO experiment which its source was the merger of black holes [1] , we have ω gw = 35Hz to 250Hz and a = 10 −21 (strain peak). Albeit, it is clear that these parameters are different for different astrophysical phenomenons.
• In formula (3.10), we have two unknown-uncontrollable parameters ω ϕ and d. The oscillation frequency of the fifth dimension, if it oscillates anyway, is quite unknown. But for the parameter d, recall that it is related to radius of the fifth dimension by (2.4) . Up to now, we don't have any higher dimensional fundamental theory in which is confirmed by any experiment. However, up to theoretical point of view, different proposed higher dimensional theories predict different sizes for extra dimensions. It starts from extra dimension at millimeter [24] up to higher dimension of order of string scale.
Remembering all the above comments in mind, one realizes that the power P would be affected by higher dimension due to the parameters d, 
IV. SUMMARY AND CONCLUSION
Due to detection of gravitational wave(GW), a very important question is that whether higher dimensional effects would appear in gravitational wave physics or not? In this paper, we considered a five dimensional pure gravity theory compactified on a circle. We studied this four dimensional minimally interacting scalar-Maxwell theory on the background of a gravitational wave.
First, by varying the action, we found the equations of motion for scalar, electric and magnetic fields on a gravitational wave background and then, we obtained the explicit wave solutions for these fields.
After that, we considered the recombination of electromagnetic waves in a typical Michelson interferometer. In particular, we supposed an oscillating fifth dimension and obtained, up to first order, the shift of the phase difference of electromagnetic waves due to presence of scalar field in terms of the the scalar, electromagnetic and GW wave parameters. In particular, we obtained that the power P would be affected by higher dimension due to the parameters d, At the end, we would like to point out that, in this paper, we have studied a toy model in order to demonstrate the effect of one extra dimension on a LIGO-like experiment. However, it would be very important to consider theories with more than one extra dimension such as theories coming from string compactification or higher dimensional theories with higher curvature terms and so on.
V. ACKNOWLEDGMENT
The authors would like to thank Dr. Ali Hasanbeigi and Dr. Nahid Ahmadi for useful comments. Mohammad A. Ganjali would like to thank the Kharazmi university for supporting the paper with grant.
VI. APPENDIX
In this appendix, we would like to emphasize that one can consider a more general solution for (2.37) as F (t, z) = F 0 e −i(ωt∓kzz+g(z−t)+h(z+t)) − c(z, t) b 0 + b(z − t) , (6.1) provided that the following dispersion relation and first order differential equation be satisfied
2(ω ∓ k z )g + 2(ω ± k z )ḣ (6.3)
where prime and dot denote derivative with respect to u = z − t and v = z + t. This solution is degenerating which means that we have one equation with two unknown functions g and h. Such wave shows two in-going and out-going wave in z direction.
